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The purpose of the present note is to prove two extensions of the Banach 
contraction mapping principle. We assume throughout that (X, p) is a 
complete metric space, T is a cant inuous mapping of X into itself, and 
p is a real-valued function defined over the non-negative reals which is 
upper semi-continuous from the right and satisfies ~(0) = 0. 
DEFINITION I. T is said to be locally contractive at u E X if there exists 
a positive integer n(u) such that 
/J( Tn%, T”(“)y) < r&(x, y)). (1) 
for all 3c, y E I(u; T) = { Tku : k = 0, 1, 2 ,... }, where y satisfies 
v(r) < y for Y > 0. (2) 
DEFINITION 2. T is said to be locally iteratively contvactive at u E X if 
there exists a positive integer TZ(U) such tbat (1) holds for all x, y EI(u; T), 
where q satisfies 
9x4 G VW whenever s < t, (3) 
and 
&j(t) < 03 for all Y 2 0. 
(Here $(r) = v(@l(r)).) 
We call T a local contraction on X if T is locally contractive at u for all 
u E X, and define a local iterative contraction similarly. 
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THEOREM 1. Let T be a local contraction on X and p satisjes in addition 
the following condition: 
lim inf(t - y(t)) = 01 > 0, (5) t-m 
then T has a unique jixed point in X. Moreover, for each x E X, the sequence 
x, = T”(“)x,-~ , x0 = x converges in metric to the jixed point of T. 
PROOF. Let u be arbitrary and define uk = TknW, u0 = u. Denote 
44 = P(++~ , uk) and b&4 = P(U k , u,,). From (1) and (2), it is clear that 
the sequence {ck(u)} is decreasing and hence has a limit which must be zero 
on account of (1) and the upper semi-continuity of 9. Let N be an integer 
such that +(u) < ((u/2). W e o b serve that the sequence {bk(uN)} satisfies the 
following: 
b-(ud = P(++N , 4 G P(uk+lv 9 %+iv+J t- P(%+N+1 Y %+d + P(%T+1 9%.J 
d %~04iv+1> 4 + db&,)). (6) 
We claim that the sequence {bk(uN)} is bounded, otherwise there must exist 
a subsequence {bki(UN)} such that bki(uN) ---f co as i -+ 00. Substituting Ki 
for k in (6), one easily obtains a contradiction from (5) and the upper 
semi-continuity of v. We will now show that the sequence {uk : k > N} 
is Cauchy. Assume the contrary, then there must exist a positive number E 
such that for each K there corresponds an integer m(k) so that 
where M denotes the bound of the sequence {bk(uN)}. Hence there exists 
a subsequence bm(ki$uki) which converges to a limit /?, E < /3 < 2M. 
Substituting m(kJ for K and ki for N in (6), we obtain 
from which it follows that for sufficiently large i, 
0 < w - dB)) < wk,+l 9 %J = hc,(4. (7) 
Letting i tend to infinity in (7), one obtains the desired contradiction. Denote 
the limit of {ulc} by z. We first note that z is a fixed point of T”fU), which 
is clear from the following: 
p( T”(ulz, z) < ,,( T1’(U)z, T1l(U)uIC) $ ,I( T”W+ , uk) + p(ulC , z), 
and the fact that T is continuous so does its iterate T7z(U). We now show 
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that z is also a fixed point of T which is clearly unique if it exists. Assume 
the contrary, thus p(Tz, z) = y > 0. Observe that 
/( Tz, z) < p(Tz, Tncu)+?z) + p(T”fU)+%, T’Wz) + p(Tn%, z) 
< ,o( T”(~)+lx, Tn(u)+$) + p( Tn(u)+$ , T”%J + p( TnWk , T’Wz) 
< p(T?l(~)+%, Tn(u)+4,) + &( Tu, , uk)) + p(T”(U)uk , T”%z). (8) 
Since p is continuous on the product space X x X, it follows from the 
upper-semi-continuity of v that 
liT+y ddTuk T uk)) = V(Y). (9 
Letting k tend to infinity in (8) and using (9), we readily obtain the desired 
contradiction. The proof is complete. 
THEOREM 2. Let T be a local iterative contraction on X. Then T has a 
unique Jixed point in X and the Picard iterations (successive approximations) 
x, = Tnx,-, , x,, = x for arbitrary x E X converge in metric to the fixed 
point of T. 
PROOF. Let u be arbitrary and define uk = Tkn%, u,, = u. Denote 
h(u) = /‘(U k , us). We first claim that the sequence {bk(u)} is bounded for 
every u. From (3), we have p(u. %+r , ui) < #(p(u, , us)) for all i; hence, it 
follows that 
k-1 k-l 
b&d = &k I UO) d c P(u,+l , uj) d c ‘?+‘(Ul , UO)), 
j=O j=O 
which is finite on account of (4). We now claim that the sequence {uk} is 
a Cauchy sequence. Assume the contrary, then there must exist a positive 
number 6 and a sequence of integers {mk} such that 
0 < s < P(Uk , u kfm,) < 234 < a, 
where M is the bound for the sequence {bk(u)}. Hence, there exists a 
subsequence d”ki , uks+mki) = bmk,@ki) w ic converges to a limit CL, where h h 
6 .< p < 2M. Choose an intege; k, > 0 such that pk@) < (p/2), and 
observe that 
&k , Uk+mk) 6 d”k > Uk+ko) + d”k+k,, , Uk+ko+rn,) + dUk+ko+mk , Uk+nrr) 
6 ‘&+O , uko)) + d”(& , Uk+,nk)) i- d~+‘““(p(UO 9 uko)). (10) 
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Writing vi = b,* (z+J 
‘ 
for short and substituting Ki for K in (10) we obtain 
0 < ; < lim 7i - lim sup rf+(~J < lim inf(Ti - F”“(Q)) < o(l), 
i-m i&m de-n 
which is the desired contradiction. Denote the limit of {Us} by z. From the 
continuity of T, it readily follows that a is a fixed point of Tn(u). We now 
show that x is indeed also a fixed point of T. Assume the contrary, hence 
p( Tz, a) = y > 0. From (4), we may choose N > 0 such that @‘(r) < (r/2). 
Observe that 
p(Tz, 4 d P(G J*z) + P(SZ, SW + P(=% T4 
< p(Su, , Sz) + ,@u, , sTu,t) + /@Tu, , SW, 
(11) 
where S denotes TNntu) for short. Since lim,,, p( Tu, , uk) = y, it follows 
from (11) that 
0 < Y - TV G Y - liT+yp vNWuk , uk)) 
< lim inf(y - pN(p(Tuk , uk))) = o(l), 
k-m 
which is clearly a contradiction. Finally to show that the Picard iterations 
converge to z, we first note that for each x E X, the sequence {Tkn@)x} 
converges to z. Denote r!(x) = max{p(x, Tgx) : j = 1,2,..., n(x)}, and 
observe that 
f( T4, Z) < p( Tjn@)+px, Tjnfz)x) + p( Tjncs)x, X) 
< c&f(x)) + p( Tjn@)x, z) = o(l), 
which completes the proof. 
COROLLARY 1 (Rakotch [l]). Let T map X into itself, where X is a 
complete metric space. Suppose that 
f(TX, Tr) d h(f(X, Y)) f(xv 3% 
where h(p) is nonincreasing in p and satisjes 0 ,( h(p) < 1 for p > 0. Then 
T has a unique jxed point in X. 
PROOF. Let v(r) = h(r) Y and apply Theorem 1 with n(x) = 1 for all 
XEX. 
COROLLARY 2 (Cacciopoli [2]). Let T map X into itself, where X is a 
complete m&c space, and Tk = T(Tk-l) satisfies 
,4Tk~, W d II Tk II dx, y). (12) 
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for k = 1,2, 3 ,... . Suppose that 
Then T has a unique$xedpoint, and the successive approximations x,,, = TX, , 
x,, = x for arbitrary x E X converge to the Jixed point of T. 
PROOF. Let v(r) = jj TN 11 r where N is sufficiently large so that 11 TN 11 < 1; 
and apply Theorem 2 with n(x) = N for all x E X. 
REMARK 1. Corollary 1 remains valid if one assumes that X(p) is non- 
decreasing in p instead of nonincreasing in p. Here we let q(r) = h(r) r and 
apply Theorem 2 with n(x) - 1 for all x E X. 
REMARK 2. Corollary 2 actually follows from the following variant of 
Banach’s theorem: Let T map X into itself, where X is a complete metric 
space. Suppose that (12) holds for some positive integer k with I/ TL 11 < 1. Then 
T has a unique fixed point, and the successive approximations x,,, = TX, , 
x,, = x for arbitrary x converge to the fixed point of T. The fact that T has 
a unique fixed point under the present hypothesis is well known. (Cf. [3], [4].) 
It is also known that if T is continuous then all successive approximations 
converge to the fixed point of T. We show here that indeed the continuity 
of T is also unnecessary here. Let x denote the fixed point of T and for 
each x E X let e(x) = max{p(x, Tix) : i = 1,2,..., k}. Observe that 
p ( Tnx, z) = ,D( Tj”+{x, z) < p( Tjk+{x, Tj’“x) + p( Tjk, x, x) 
< (I T” Ilj t(x) + p(T%, z) = o(l), 
which is what we wish to prove. Clearly the hypothesis of Corollary 2 
guarantees that there exists a positive integer k such that jj Tk j/ < 1, hence 
the assertion follows immediately. 
REMARK 3. A recent extension of Rakotch’s theorem as reported in [5] 
seems to be in error. The proof fails because of the particular form of negating 
a certain sequence being Cauchy. The assertion given there is true only if 
the particular sequence under consideration is in addition bounded. (Cf. [5], 
p. 197, lines 17-20.) 
REMARK 4. It is not difficult to state our results in the frame work of 
uniform spaces when the uniformities are explicitly given by a family of 
pseudometrics or by a single generalized pseudometric. (See e.g. [5], [6], [7].) 
However, it will be interesting to find analogues of our results for uniform 
spaces in terms of entourages. (Cf. [8].) 
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REMARK 5. Finally, we remark in passing that Corollary 2 was also 
proved in [9] (see [lo]); and Theorem 1 in case n(x) = 1 may be found in 
an earlier version of [ll], where application to Banach spaces was also given. 
Note added in proof. Using an improved argument in [l I], we can show that 
Theorem 1 remains valid without assumption (5). 
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